Entrainment of air by turbulent mixing plays a central role in the dynamics of eruption clouds; the amount of entrained air controls eruption styles and heights of eruption columns. The efficiency of entrainment is quantified by the entrainment coefficient: the ratio between mean inward radial velocity at the edge and the mean vertical velocity. We directly determined the entrainment coefficient of eruption columns as a function of height on the basis of three-dimensional numerical simulations. The value of entrainment coefficient is similar to that for pure jets (~0.07) just above the vent, and approaches that for pure plumes (0.10 -0.15) far from the vent. Between these two regions, we identify a new transitional zone with a significantly small entrainment coefficient (~0.05). This spatial variation in the entrainment coefficient is correlated with the change in vortical structure just above the vent.
Introduction
During explosive eruptions, a mixture of volcanic gas and pyroclasts is released from a vent with a density larger than the atmospheric density. As the ejected material entrains ambient air through turbulent mixing, the density of the eruption clouds decreases because the entrained air expands by heating from the hot pyroclasts. Since the density of the mixture of the ejected material plus the entrained air changes with their mixing ratio, the efficiency of entrainment controls the dynamics and heights of eruption clouds [1] [2] [3] [4] [5] . If the amount of entrained air is sufficient, an eruption column convectively rises, whereas, if it is insufficient, a heavy pyroclastic flow spreads on the ground surface.
The flow of an eruption cloud is modeled as a free boundary shear flow. Here, we refer to turbulent free boundary shear flows driven by initial momentum as pure jets and those driven by buoyancy as pure plumes. When a pure jet or plume is ejected from a point source into a uniform environment, the flow is characterized by the self-similarity. Turbulent mixing in and around a strictly self-similar flow can be explained by the entrainment hypothesis that the entrainment velocity at the edge of a turbulent jet and/or plume, U e , is proportional to the mean vertical velocity, W, at each height as U e =kW [1] .
The proportionality constant, k, represents the efficiency of entrainment and is called the entrainment coefficient.
Experimental studies suggest that pure jets and plumes are approximated by self-similar flows with constant k (~0.07 for jets and 0.10 -0.15 for plumes) [6, 7] .
Unlike pure jets or plumes, the flow of an eruption cloud is not self-similar. Its driving force changes with height because of the change in density. The flow near the vent has negative buoyancy and is driven by the initial momentum. As the eruption column rises, the density of the cloud decreases and the flow is primarily driven by positive buoyancy. Recent theoretical studies have suggested that the entrainment coefficient of such a non-self-similar flow is not necessarily constant [3] ; however, no previous studies have succeeded in determining how the entrainment coefficient spatially varies in eruption clouds.
The lack of knowledge of the spatial variation of entrainment coefficient has been a fundamental obstacle for understanding the entrainment mechanisms. In this study, we determine the value of k as a function of height (referred to as `local k´) using three -dimensional (3-D) simulations of an eruption column.
Model for Determining k by 3-D Model
The simulations are based on a 3-D time-dependent fluid dynamics model that solves a set of partial differential equations describing the conservation of mass, momentum, and energy, and constitutive equations describing the thermodynamic state of the mixture of solid pyroclasts, volcanic gas, and air (see Suzuki et al. [4] for details). We assume that no particles separate from the eruption clouds when their size is sufficiently small (< 4 mm). In order to reproduce the general feature of turbulent mixing that the efficiency of entrainment is independent of the averaged flow field, we can calculate the radial mass inflow around the eruption column:
Because of the mass conservation of the radial mass inflow, 2πρ a ru remains constant regardless of r away from the column edge. This constant value outside the eruption column represents
The value of Q in can also be estimated from a method that utilizes the vertical mass flux inside the column, M as
where
When the flow of the eruption column reaches a steady-state, Q in,2 must be equal to Q in,1 . In Section 3, we present the variation of local k based on Q in,1 ; local k based on Q in,2 is used to confirm the steadiness of flow as well as the consistency of the two methods. 
Results
We carried out three simulations for explosive eruptions from a circular vent into a stationary atmosphere under the tropical condition (Table 1 ). An initial mass fraction of volcanic gas of n g0 =0.06 is assumed. The source conditions are set to be steady and pressure-balanced with a vent velocity equal to the sound velocity of the ejected material.
Our primary concern is how the efficiency of entrainment in eruption columns deviates from those for pure jets or plumes ejected from point sources. For this purpose, it is important to set vent radii sufficiently smaller than the length scale at
Reynolds number [8] , the grid sizes must be sufficiently smaller 
where Q in is the mass inflow of ambient air, ρ a is the atmospheric density, and L is the radius of the eruption column at each height. The value of LW is given by
where w is the time-averaged vertical velocity, and r is the radial coordinate. In addition to the value of LW, the value of Q in is required to estimate local k from Eq. (1).
The value of Q in is estimated from the flow field that is which the initial upward momentum is lost (2-3 km) in the simulations. When the vent radius is greater than a few hundred meters, the eruption cloud loses its momentum before turbulent mixing fully develops from the edge to the core of the flow; as a result, the heavy unmixed core forms a radially suspended flow whose global feature is qualitatively different from those of typical turbulent jets or plumes [4, 11] . In order to avoid additional effects caused by such qualitative differences in flow patterns, we set vent radii to be less than 60 m in this study; the corresponding magma discharge rates range from 10 6 to 10 7 kg s -1 (see Table 1 ).
Our simulations have successfully reproduced the time evolutions of eruption columns (Fig. 1) . The eruption cloud is ejected from the vent as a turbulent jet with a large density (3.47 kg m The eruption cloud entrains ambient air through unsteady flow due to turbulence in and around the column (inset in Fig.   1a ). Near the vent, the entrainment is driven by shear between the cloud and air at the edge of the column; as a result, a concentric structure consisting of an inner flow and an outer shear layer develops. The outer shear layer has a lower density than that of air owing to expansion of entrained air. On the other hand, the inner flow, which is not mixed with ambient air, remains denser than air. The inner flow is eroded by the outer shear layer and disappears at a certain level (at a height of ~1 km for run 1). As the eruption column further ascends, the flow becomes highly unstable and undergoes a meandering instability. From the profiles of w and 2πρ a ru (Fig. 2) , we can identify the two distinct flow regions: the inside and outside of the eruption column. Outside the eruption column (r>2σ in Fig. 2 ), the value of 2πρ a ru remains constant. In this study, we estimate Q in,1 from the spatial average of 2πρ a ru in the range of 2σ <r <3σ
at each height for two directions. We confirmed that the value of Q in,1 is consistent with Q in,2 at each height (figures not shown).
Substituting Q in,1 into Eq. (1), we obtain the value of local k as a function of height (Fig. 3) . The vertical profiles of k for different mass discharge rates ranging from 10 6 to 10 7 kg s Note that the value of 2πρ a ru does not depend on x outside of the plume.
Discussion
The direct measurements of local k show that k is equal to for runs 1, 2, and 3.
